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Abstract
We compute the Schur index of Argyres-Douglas theories of type (AN−1, AM−1) with sur-
face operators inserted, via the Higgsing prescription proposed by D. Gaiotto, L. Rastelli and
S. S. Razamat. These surface operators are obtained by turning on position-dependent vac-
uum expectation values of operators in a UV theory which can flow to the Argyres-Douglas
theories. We focus on two series of (AN−1, AM−1) theories; one with gcd(N,M) = 1 and the
other with M = N(k − 1) for an integer k ≥ 2. Our results are identified with the charac-
ters of non-vacuum modules of the associated 2d chiral algebras, which explicitly confirms a
remarkable correspondence recently discovered by C. Cordova, D. Gaiotto and S.-H. Shao.
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1 Introduction
The 4d/2d duality, established after the groundbreaking work of [1, 2, 3, 4], is remarkable progress
in the study of 4d N = 2 field theories. This states that, for a large class of 4d N = 2 theories called
class S theories [5, 6], physical quantities in 4d theories are encoded in a two-dimensional theory
on a punctured Riemann surface, C. This duality is naturally understood when we recall that class
S theories are constructed by compactifying a 6d N = (2, 0) theory (with “gauge algebra” g ) on
C.1 The relevant 2d theory on C depends on the 4d physical quantity we consider. In particular,
1To keep the 4d N = 2 supersymmetry, a partial topological twist is needed on C.
1
when we consider the Schur index of a 4d N = 2 superconformal field theory (SCFT) of class S,
I(q;x) ≡ TrH(−1)F qE−R
rankGF∏
ℓ=1
xfℓℓ , (1)
the relevant 2d theory is a topological quantum field theory (TQFT) called the q-deformed Yang-
Mills theory on C. Indeed, the Schur index of class S theories were shown to be identical to the
correlation function of the q-deformed Yang-Mills theory on C [3, 4] (See also [7] for a review). In
the above definition of the Schur index, H is the Hilbert space of local operators, E and R are
respectively the scaling dimension and the SU(2)R charge, GF is the flavor symmetry group, and
fℓ are the flavor charges.
2 In this paper we encounter cases with GF = SU(N), in which case we
take fk to be minus the k-th Cartan generator of SU(N). The BPS operators giving non-vanishing
contributions to the Schur index are called “Schur operators.”
In the above discussion, the 2d theory is a TQFT and therefore its correlation function is
independent of the complex structure of C. This reflects the fact that the 4d superconformal
index is independent of marginal couplings [8]. Indeed, the complex structure deformations of C
correspond to marginal deformations of the 4d theory [5].3 On the other hand, each puncture on C
corresponds to an external state of the 2d TQFT, which is naturally associated with a wavefunction
of the form,
f
(i)
R (q;x
(i)) . (2)
Here i = 1, · · · , m is the label of the puncture, R stands for certain irreducible representation of
g, and x(i) ≡ {x(i)k } are fugacity parameters associated to the flavor symmetry introduced by the
puncture.4 Suppose that C is a Riemann surface of genus g with m punctures. Then the correlation
function of the 2d TQFT is given by
I(q;x) =
∑
R
(
CR(q)
)2g−2+m m∏
i=1
f
(i)
R (q; x
(i)
k ), (3)
where CR(q) is the structure constant of the TQFT. The 4d/2d duality implies that this is identical
to the Schur index (1) of the corresponding 4d SCFT.
The Schur index also plays an important role in another 4d/2d correspondence discovered in
[15]. This correspondence states that, for any 4d N = 2 SCFT (even without class S description),
2We call the global symmetry that commutes with the 4d N = 2 superconformal symmetry “flavor symmetry.”
3Note that an N = 2 marginal coupling in theories of class S SCFTs are not necessarily encoded in the complex
structure of C. For examples of marginal coupling arising from a puncture on C, see [9, 10, 11, 12, 13]. A relation
between the space of marginal couplings (i.e., conformal manifold) and the associated chiral algebra was studied in
[14].
4Note that the {x(1), · · · ,x(m)} can be reorganized into x ≡ {x1, · · · , xrankGF }.
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the space of local operators contributing to the Schur index is equipped with the structure of a
chiral algebra, or equivalently, a vertex operator algebra (VOA). In this context, the Schur index
is identified with the character of the vacuum module of the chiral algebra.5 Furthermore, it has
recently been shown that the Schur indices in the presence of a large class of surface operators
are identified with the characters of some non-vacuum modules of the chiral algebra [17, 18].6 In
particular in [18], the Schur indices of free hypermultiplets and the (A1, A3), (A1, A5) and (A1, A2n)
Argyres-Douglas (AD) theories [20, 21, 22, 23, 24, 25] for all positive integers n, with surface operator
insertions, were computed and shown to be identical to the characters of irreducible modules of the
associated chiral algebras.
In this article, we use the TQFT description to compute the Schur indices with surface operator
insertions for two infinite series of AD theories, generalizing the careful studies in [18]. The first
series is the (AN−1, AM−1) theories for integers N, M ≥ 2 satisfying gcd(N,M) = 1, whose chiral
algebra was conjectured in [26] to be the vacuum sector of the WN minimal model labeled by
(N,N +M).7 The second series is the (AN−1, AN(k−1)−1) theories for integers N, k ≥ 2,8 whose
chiral algebra was conjectured in [29, 30, 31, 32] based on the closed-form formula for the Schur
indices (without surface operators) obtained in [33, 34].9 Note that the first series for N = 2 and
the second series for N = 2 and k = 3, 4 were already studied in [18]. Since the structure of
the non-vacuum modules is generally very complicated, generalizing them to the whole theories in
the two series is highly non-trivial. For the (AN−1, AM−1) theories with gcd(M,N) = 1, we show
that the Schur indices with surface operator insertions reproduce all and only the characters of the
irreducible modules of the (N,M +N) WN minimal model. For the (AN−1, AN(k−1)−1) theories, we
show a similar statement for all k ≥ 2 with N = 2. For N > 2, we give a natural conjecture on
modules of the logarithmic B(k)AN−1 algebra [31].
To evaluate the Schur index in the presence of surface operators, we adopt the prescription
proposed in [42]. This prescription first introduces a UV SCFT of class S whose Riemann surface C
is obtained by adding a regular puncture to the original Riemann surface. We then Higgs the flavor
symmetry associated with the added regular puncture, which triggers an RG-flow going back to
the original SCFT. The main point of the prescription is that, by turning on a position-dependent
5For remarkable unitary/non-unitary relations in this context, see [16]. Note also that the associated chiral algebra
is defined in a two-dimensional plane inside the four-dimensional spacetime. Therefore this 4d/2d correspondence is
different from the AGT correspondence.
6It was also shown in [19] that, for some Argyres-Douglas theories, the Schur index in the presence of line defects
are also related to the characters of non-vacuum modules. Its relation to the surface operator insertions is discussed
in [18].
7For an interesting observation on the ODE/IM correspondence for these theories, see [27, 28].
8To be precise, the case of N = k = 2 is not an AD theory but the theory of a free hypermultiplet.
9These chiral algebras are deeply related to recent progress in the study of VOAs appearing in logarithmic CFTs
[35, 36, 37, 38, 39]. For the Macdonald index and the small S1-reduction of the (A1, A2k−3) theories, see [40, 41].
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vacuum expectation value (VEV) of the Higgs branch operator in this RG-flow, we can introduce
surface operators in the IR 4d SCFT. From the index viewpoint, this operation corresponds to
taking a particular limit of the flavor fugacity so that the UV index is divergent. This divergence
reflects the fact that the there are decoupled massless Nambu-Goldstone (NG) multiplets associated
with the symmetry breaking. The IR index with the surface operator inserted is then obtained by
removing the contributions of these decoupled NG multiplets from the UV index.
This article is organized as follows. We provide brief reviews on the TQFT description and the
Higgsing prescription for the Schur index in Sec. 2. In Sec. 3, we study the Schur indices of the
(AN−1, AM−1) theories with surface operator insertions for M and N such that gcd(M,N) = 1.
We particularly find that all and only the characters of irreducible modules of the (N,M + N)
WN minimal model are reproduced from the Higgsing. In Sec. 4, we study the Schur indices with
surface operator insertions for the (AN−1, AN(k−1)−1) theory. For N = 2, we find that the Schur
indices coincide with the characters of modules of the logarithmic Bk algebra [29], by generalizing
the check performed in [18].
2 TQFT description and Higgsing prescription
We here give a brief review of the Schur index of 4d N = 2 SCFTs with and without surface
operator insertions. In particular, we review in Sec. 2.1 the TQFT description of the Schur index
of theories of class S [3]. In Sec. 2.2, we review that the index in the presence of a surface operator
is obtained via the so-called “Higgsing prescription” [42].
2.1 TQFT description for Schur index
Let us first review how to compute the Schur index of the (AN−1, AM−1) theories from the TQFT
picture. These theories are of class S [5, 6], and therefore associated with a 6d “gauge algebra” g
and a punctured Riemann surface C.10 As discussed in [25], the (AN−1, AM−1) theories are realized
by g = AN−1 and C being a sphere with an irregular puncture. Therefore we focus on g = AN−1 in
this paper. To each puncture on C, we assign a wavefunction f (i)R (q,x(i)) according to the type of the
puncture, where we recall thatR is an irreducible representation of AN−1, and x(i) = (x
(i)
1 , · · · , x(i)N−1)
stands for the fugacities corresponding to the flavor symmetry associated with the i-th puncture.
The Schur index of the theory is then written as (3), where g is the genus of the Riemann surface,
and m is the number of punctures. When C involves an irregular puncture, g must be zero for the
10While these theories have class S constructions, they were originally constructed in [23] by using type IIB string
theory on Calabi-Yau singularities.
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U(1)R symmetry of the 4d theory to be preserved [25]. The factor CR is given by
(CR)
−1 =
χ
SU(N)
R (q
ρ)∏N
i=2(q
i; q)
, (4)
where χ
SU(N)
R (x) is the character of the SU(N) representation R, and ρ =
1
2
∑
α∈∆+ α is the Weyl
vector of SU(N).11 We use the notation such that χ
SU(N)
R (x) =
∑
µ∈P mλ(µ)x
µ, where λ is the
highest weight of R, P is the weight lattice of SU(N), mλ(µ) is the multiplicity of µ in the repre-
sentation R, and xµ is a formal exponential such that xµ1xµ2 = xµ1+µ2 . In substituting x = qρ in
χ
SU(N)
R (x), we interpret (q
ρ)µ to mean q(ρ,µ).
As mentioned above, the expression for the wave function depends on the type of the puncture.
The wavefunction for a full regular puncture [5] is given by
f fullR (q,x) =
χ
SU(N)
R (x)
(q; q)N−1
∏
α∈∆(qx
α; q)
, (5)
where ∆ is the set of roots of g = AN−1, and χ
SU(N)
R (x) ≡ χSU(N)R (x) with the identifications
x−ωi = xi for fundamental weights ωi. Especially the wavefunction for g = A1 is given by
f fullR (q, x) =
χ
SU(2)
R (x)
(q; q)(qx2; q)(qx−2; q)
, (6)
with χ
SU(2)
R (x) = (x
dimR − x−dimR)/(x− x−1), where we write x1 as x for simplicity.
Since the Riemann surface C for AD theories involves an irregular puncture [24, 25], we also need
an expression for the wavefunction of the irregular puncture [33, 43, 34]. Indeed, the (AN−1, AM−1)
theory is realized by C being a sphere with one irregular puncture. Therefore its Schur index is
written as
I(AN−1,AM−1)(q,x) =
∑
R
(CR)
−1f˜ (AN−1,AM−1)R (q;x) , (7)
where R runs over all irreducible representations of AN−1, and f˜
(AN−1,AM−1)
R stands for the wave
function for the irregular puncture. For the (AN−1, AM−1) theory with gcd(N,M) = 1, the expres-
sion for f˜R is simplified since no flavor symmetry arises from the puncture. Indeed, it is conjectured
in [43] to be given by12
f˜
(AN−1,AM−1)
R (q) =
∮ (N−1∏
k=1
dzk
2πizk
)
∆(z)P.E.
[
− q
N+M
1− qN+M χ
SU(N)
adj (z)
]
χR(z) (if gcd(M,N) = 1) ,
(8)
11Here ∆+ is the set of positive roots.
12Note here that there is no flavor fugacity x is associated with the irregular puncture in the case of gcd(M,N) = 1.
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where ∆(z) = 1
N !
∏
1≤i≤j≤N−1(1−zαi+···+αj)(1−z−(αi+···+αj)), and P.E. [g(q, zi)] ≡ exp
(∑∞
k=1
g(qk ,zki )
k
)
for any function g of the fugacities. For N = 2 and M = 2n+ 1, this expression reduces to
f˜
(A1,A2n)
R (q) =
{
(−1)mqm(m+1)(n+ 32 ) dimR = 2m+ 1 : odd
0 otherwise
. (9)
On the other hand, for (AN−1, AM−1) theories with gcd(N,M) 6= 1, the irregular puncture is
associated with a non-trivial flavor symmetry. In particular, when M = N(k − 1) for an integer
k ≥ 2, the irregular puncture is associated with a U(1)N−1 flavor symmetry. The expression for the
wave function in this case was conjectured in [34] as13
f˜
(AN−1,AN(k−1)−1)
R (q,x) =
∞∏
j=1
(1− qj)1−NqkC2(R)
∑
µ∈R
q−
k
2
F ijµiµjxµ, (10)
where µ runs over all weights belonging to the representation R, (µ1, · · · , µN−1) are the Dynkin
labels of µ, and xµ is again the formal exponential such that xµxν = xµ+ν and x−ωi = xi for the
fundamental weights wi.
14 The factor C2(R) is the quadratic Casimir invariant, and (F
ij) is the
inverse Cartan matrix:
(F ij) =
1
N

N − 1 N − 2 N − 3 . . . 1
N − 2 2(N − 2) 2(N − 3) . . . 2
N − 3 2(N − 3) 3(N − 3) . . . 3
...
...
...
. . .
...
1 2 3 . . . N − 1
 . (11)
In particular, for N = 2, this expression reduces to
f˜
(A1,A2k−3)
R (q; x) =
qk
(dimR)2−1
4
(q; q)
trR
[
x2J3q−k(J3)
2
]
, (12)
where J3 is the Cartan of A1 such that the fundamental representation has eigenvalues J3 = ±12 .
2.2 Higgsing prescription
In [42], a prescription to evaluate the Schur index in the presence of a class of surface operators
was proposed, which we call the “Higgsing prescription.”15 We here review and describe it in a
more general setup so that we can apply it to the (AN−1, AM−1) theories in the following sections.
13For (A1, A2k−3) theories, this wave function was first conjectured in [33].
14Note that this choice of xi is slightly different from the one in [34].
15See [44, 45, 46, 47, 48, 49, 50] for earlier applications of this prescription.
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Suppose that we are interested in a class S theory associated with the Riemann surface CIR. To
introduce a surface operator in it, we first consider a UV N = 2 SCFT associated with a Riemann
surface CUV which is obtained by adding an extra regular puncture to CIR. The original SCFT is
recovered by removing the regular puncture from CUV, which corresponds to giving a non-vanishing
VEV to the Higgs branch operator associated with the regular puncture. The non-vanishing VEV
triggers an RG-flow from the UV to the IR SCFT. As discussed in [42], the existence of this RG-flow
implies that the index of the IR theory is obtained by taking a limit of the UV index.16
To describe this limit, let us focus on the case in which the additional regular puncture on
CUV is a full puncture and therefore associated with an SU(N) flavor symmetry.17 The original
discussion of [42] focuses on Higgsing the simple regular puncture, whose generalization to the full
regular puncture is straightforward but needs a little care about the decoupled Nambu-Goldstone
multiplets. See discussions around Eq.(2.44) and in Sec. 4.3 of [52] for this generalization without
surface operator insertions. The existence of the extra full puncture on CUV implies that the UV
SCFT has an additional flavor SU(N) current. In the superconformal multiplet containing the
flavor current, there exists a scalar Schur operator called a “flavor moment map” in the adjoint
representation of the flavor symmetry. We denote by Oαℓ the flavor moment map associated with
the ℓ-th simple root, αℓ, of SU(N). The contribution from Oαℓ to the factor
∏N−1
k=1 y
fk
k in the Schur
index (1) is yα1 .18 This and the fact that every flavor moment map has E = 2R = 1 implies that
Oαℓ contributes qyαℓ to the Schur index.
To remove the full puncture from the Riemann surface, we need to completely Higgs the flavor
SU(N) symmetry. This can be achieved by giving a non-vanishing VEV toOαℓ for all ℓ = 1, · · · , N−
1.19 Let us first focus on Oα1 associated with the first simple root. According to [42], giving a non-
vanishing VEV to Oα1 triggers an RG-flow whose IR fixed-point has the following Schur index
Ivec(q) · lim
y1→y∗1
(
(1− qyα1)IUV(q;x,y)
)
, (13)
where Ivec(q) ≡ (q; q)2 is the Schur index of a free vector multiplet, and y1 = y∗1 is the solution to
the equation
qyα1 = 1 . (14)
Note that, since yα1 = y−21 y2, the above equation can be solved for y1. In the expression (13), the
factor (1 − qyα1) removes the index contribution of operators (Oα1)n for all n ∈ N. Indeed, these
16For another interesting class of RG-flows from AD theories of class S, see [51].
17While this Higgsing is possible for any type of regular puncture, we will only use the full puncture in this paper.
18Here yλ is a formal exponential such that y−ωi = yi for fundamental weights ωi. As mentioned in Sec. 1, we take
the k-th flavor charge fk to be minus the k-th Cartan generator of SU(N).
19From the chiral algebra point of view, this corresponds to the quantum Drinfeld-Sokolov reduction associated
with the principal embedding of su(2) in su(N).
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operators induce a factor 1/(1− qyα1) in IUV(q;x,y), which is divergent in the limit y1 → y∗1. This
divergence reflects the fact that there is a massless mode corresponding to the VEV of Oα1 . A
remarkable observation of [42] is that this divergent factor, multiplied by Ivec(q)−1, is the index
contribution from the decoupled Nambu-Goldstone (NG) multiplet associated with the symmetry
breaking. The factor Ivec(q)(1− qyα1) precisely removes this index contribution, leaving the index
of the IR theory without the decoupled NG sector.
While the index (13) still depends on y2, · · · , yN−2 and yN−1, turning on the VEVs of all Oαℓ
leads to an index independent of y, which is identified with the Schur index of the IR SCFT
associated with the Riemann surface CIR. In other words, the IR index is evaluated as
IIR(q;x) =
(
Ivec(q)
)N(N−1)
2 · lim
y→y∗
(
IUV(q;x,y)
∏
1≤i≤j≤N−1
(
1−
j∏
ℓ=i
(qyαℓ)
))
, (15)
where y = y∗ is the simultaneous solution to the equations qyαℓ = 1 for ℓ = 1, · · · , N − 1, or
equivalently
N−1∏
j=1
(yj)
cℓj = q for ℓ = 1, · · · , N − 1 , (16)
where (cij) is the Cartan matrix of SU(N). Note that turning on the VEV of all Oαℓ gives rise
to N(N−1)
2
decoupled NG multiplets, corresponding to the positive roots of SU(N).20 The factor
(Ivec(q))N(N−1)2
∏
1≤i≤j≤N−1(1−
∏j
ℓ=i(qy
αℓ)) then removes the index contribution from these decou-
pled NG multiplets.21
Note that the limit (13) can be regarded as taking the residue of the UV index at y1 = y
∗
1.
Indeed, this residue computation is the original form of the prescription proposed in [42], in which
Higgsing flavor U(1) and SU(2) symmetries is mainly studied. On the other hand, the IR index
(15) obtained by completely Higgsing the SU(N) flavor symmetry is not regarded as the residue of
the UV index at y = y∗. Indeed, the residue is the coefficient of
∏N−1
ℓ=1 (1− qyαℓ)−1 in the Laurent
series around y = y∗ while (15) is essentially the coefficient of
∏
1≤i≤j≤N−1(1−
∏j
ℓ=i qy
αℓ)−1. This
discrepancy arises since the spontaneously broken SU(N) symmetry implies N(N−1)
2
decoupled NG
multiplets corresponding to the number of positive roots. This point was essentially noted in Sec. 4.3
of [52].
Let us now turn to the Schur index with surface operator insertions. For Oαℓ and any positive
integer sℓ, the Schur index also has a contribution from the derivative operator (σ
µ
++˙
∂µ)
sℓOαℓ . Since
a single derivative increases the scaling dimension by one without changing the SU(2)R and flavor
20This can be seen explicitly in the wave function for the full puncture shown in (5).
21As shown in Sec. 4.3 of [52], this result can be regarded as a consequence of the quantum Drinfeld-Sokolov
reduction for the associated chiral algebra.
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charges, the index contribution from the derivative operator is q1+sℓyαℓ. The UV index then has a
factor 1/(1− q1+sℓyαℓ), which is divergent at q1+sℓyαℓ = 1, or equivalently at
N−1∏
j=1
(yj)
cℓj = qnℓ for ℓ = 1, · · · , N − 1 , (17)
where we defined n = (n1, · · · , nN−1) for later use by nℓ ≡ 1 + sℓ. Let us denote by y = y∗n the
simultaneous solution to the equations (17). An important observation of [42] is that the limit
y → y∗n corresponds to turning on a position-dependent VEV of Oαℓ and therefore leads to the
insertion of a surface operator labeled by n in the IR theory. We denote this surface operator by
Sn. According to [42], the IR Schur index in the presence of Sn is evaluated as
ISnIR (q;x) = Nn(q)
(
Ivec(q)
)N(N−1)
2 · lim
y→y∗
n
(
IUV(q;x,y)
∏
1≤i≤j≤N−1
(
1−
j∏
ℓ=i
(qnℓyαℓ)
))
, (18)
where Nn(q) is a factor of the form aqb for a, b ∈ R so that the q-expansion of the index starts
with 1. Note here that y∗(1,1,··· ,1) = y
∗, and therefore n = (1, · · · , 1) corresponds to the case without
surface operators.
In Sec. 3, we study the Schur index with surface operator insertions for the (AN−1, AM−1) theories
with gcd(N,M) = 1, via the Higgsing prescription. In Sec. 4, we turn to the (AN−1, AN(k−1)−1)
theories.
3 (AN−1, AM−1) theories with gcd(N,M) = 1
In this section, we study the Schur indices of the (AN−1, AM−1) theories with gcd(N,M) = 1 in the
presence of various surface operators. The case of N = 2 was carefully studied in [18].
3.1 Modules in WN minimal models
Since the chiral algebra associated with the (AN−1, AM−1) theory is conjectured in [26] to be the
(N,M +N) WN minimal model, we here review the modules in the WN minimal models. The WN
Minimal models, dating back to the celebrated work of [53], are a special class of chiral algebras,
which have only finite number of non-degenerate modules. Interestingly, the vacuum modules of
these chiral algebras correspond to the (AN−1, AM−1) AD theories for gcd(N,M) = 1 [26]. Since
these chiral algebras are relatively simple, they are a good starting point to study the relation
between the non-vacuum modules and the surface operators in four dimensions. We here give a
brief review of the irreducible modules of the WN minimal model.
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The WN minimal models are usually labeled by three positive integer parameters, N , P and
Q (with P < Q and gcd(P,Q) = 1). N denotes the rank of the global part of the underlying W-
algebra. Each module of the model is further labeled by two N -dim positive-integer-valued vectors,
~n = (ni)i=1,...,N and ~n
′ = (n′i)i=1,...,N , with the constraints
N∑
i=1
ni = Q,
N∑
i=1
n′i = P. (19)
We focus on the special case P = N , in which case all n′i’s are forced to take the value n
′
i = 1.
Therefore, the modules we are interested in are parameterized by N positive integers summed to be
Q. Sometimes, it is also convenient to write Q = N +M . It is well-known that there is a level-rank
duality [54] between a rank-N minimal model labeled by (P = N,Q = N + M) and a rank-M
minimal model labeled by (P = M,Q = N +M), as one can see from the expression of minimal
model central charge,
c = (N − 1)
(
1− (P −Q)
2
PQ
N(N + 1)
)
. (20)
The conformal weight of the module labeled by ~n is given by
h(~n) =
1
2(N +M)
(
N−1∑
i=1
i(N − i)(s2i −Msi) + 2
N−1∑
i<j
i(N − j)sisj
)
, (21)
where we used the notation introduced in the previous section si = ni − 1. Note that the above
expression is invariant under the permutations among n˜i’s. Therefore, independent modules are
labeled by ~n such that ni ≤ ni+1 for i = 1, . . . , N − 1. The character of the module labeled by ~n is
given by
χ
(N,N+M)
~n (q) =
(qN+M ; qN+M)N−1
∏
i,j(q
ai,j ; qN+M)
∏
i,j(q
N+M−ai,j ; qN+M)
(q; q)N−1
, (22)
where we used the notation
ai,j = nj + nj+1 + · · ·+ nj+i−1, (23)
for i, j ∈ N such that i+ j ≤ N .
3.2 Review of (A1, A2k) series
Let us first review the (A1, A2k) AD theories, whose Schur index with surface operator insertions
has been evaluated in [18]. The associated chiral algebra is the Virasoro minimal model labeled by
(P = 2, Q = 2k + 3).
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The class S construction of the (A1, A2k) theory involves a Riemann surface CIR which is a sphere
with one irregular puncture. Therefore the TQFT expression for the Schur index of the (A1, A2k)
theory is given by
I(A1,A2n)(q) =
∑
R
(CR)
−1f˜ (A1,A2k)R (q) , (24)
where R runs over the irreducible representations of su(2), and the expressions for (CR)
−1 and
f˜
(A1,A2k)
R are shown in (4) and (9). The above expression for the Schur index was shown to be
equivalent to the vacuum character of Virasoro algebra for P = 2 and Q = 2n + 3 [26, 43, 18].
The Schur index with surface operator insertions can be evaluated via the Higgsing prescription
reviewed in Sec. 2.2. We first consider a UV SCFT associated with the Riemann surface CUV which
is a sphere with the same irregular puncture and an additional (full) regular puncture.22 This UV
SCFT is called the (A1, D2k+3) theory, whose Schur index is evaluated as [26, 43]
I(A1,D2k+3)(q; y) =
∑
R
f˜
(A1,A2k)
R (q)f
full
R (q; y) , (25)
where y is the fugacity for the flavor SU(2) symmetry associated with the regular puncture, and the
expression for f fullR (q; y) is shown in (6). According to the Higgsing prescription, the Schur index of
the IR SCFT in the presence of the surface operator, S(n), is evaluated as
IS(n)(A1,A2k)(q) = Nn(q) Ivec(q) · lim
y→q n2
(
(1− qny−2) IUV(q; y)
)
, (26)
where n is the label of the surface operator, and N (q) is a factor of the form aqb for a, b ∈ R
so that the q-expansion of the index starts with 1. Note that the condition (17) now reads y2 =
qn, and therefore is equivalent to y = q
n
2 . The wave function for the full puncture f fullR (q; y) =
χ
SU(2)
R (y)/(q; q)(qy
2; q)(qy−2; q) has a pole at this point, which is the contribution of the would-be
NG multiplet, as reviewed in Sec. 2.2. Since this pole is canceled by (1 − qny−2) in (26), the IR
index IS(n)(A1,A2k) is well-defined and evaluated as [18]
IS(n)(A1,A2k)(q) = 2−1(−1)αqβNn(q)χ
(2,2k+3)
(n¯,2k+3−n¯)(q) , (27)
where n¯ = n mod (2k + 3), and α and β are respectively an integer and a half-integer determined
by n and k. Since the q-series of χ
(2,2k+3)
(n¯,2k+3−n¯)(q) starts with 1, the factor Nn(q) is fixed as Nn(q) =
2(−1)−αq−β, which implies
IS(n)(A1,A2k)(q) = χ
(2,2k+3)
(n¯,2k+3−n¯)(q) . (28)
This shows that the surface operator S(n) corresponds to the (n¯, Q−n¯) module of the (2, Q) Virasoro
minimal model. In particular, S(n) and S(n+Q) lead to the same Schur index.
22For N = 2, the only regular puncture is the full puncture.
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3.3 (AN−1, AM−1) series with gcd(N,M) = 1
We now consider the generalization of the above discussion to the (AN−1, AM−1) theories for N
and M such that gcd(N,M) = 1. We show that the Schur indices with surface operator insertions
reproduce all and only the characters of irreducible representations of the WN minimal model for
(P,Q) = (N,N +M).
The (AN−1, AM−1) theories are of class S and associated with CIR which is a sphere with one
irregular puncture. As reviewed in Sec. 2.1, this class S description implies that the Schur index
without surface operators is written as
I(AN−1,AM−1)(q) =
∑
R
(CR)
−1f˜ (AN−1,AM−1)R (q) , (29)
where f˜ (AN−1,AM−1) is given in (8) if gcd(N,M) = 1. We now consider an UV SCFT associated with
CUV which is obtained by adding a full regular puncture to CIR. Its Schur index is given by
IUV(q;y) =
∑
R
f˜
(AN−1,AM−1)
R (q) f
full
R (q,y) , (30)
where f fullR is given by (5). As shown in Sec. 4.3 of [55], this can be rewritten as
23
IUV(q;y) = P.E.
[(
q
1− q −
qM+N
1− qM+N
)
χ
SU(N)
adj (y)
]
. (31)
Note here that, in terms of the formal exponential yλ such that yi = y
−ωi for the fundamental
weights ωi of SU(N), the character χ
SU(N)
adj (y) is written as
χ
SU(N)
adj (y) = N − 1 +
∑
1≤i≤j≤N−1
(
yαi+αi+1+···+αj + y−(αi+αi+1+···+αj)
)
, (32)
where αi are the simple roots of SU(N). Therefore the UV index (31) is expressed as
IUV(q;y) = (q
M+N ; qM+N)N−1
(q; q)N−1
∏
1≤i≤j≤N−1
(qM+Nyαi+αi+1+···+αj ; qM+N)(qM+Ny−(αi+αi+1+···+αj); qM+N)
(qyαi+αi+1+···+αj ; q)(qy−(αi+αi+1+···+αj); q)
.
(33)
Let us now evaluate the Schur index of the (AN−1, AM−1) theory in the presence of a surface
operator Sn. Via the Higgsing prescription, it is evaluated as
ISn(AN−1,AM−1)(q) = (Ivec(q))
N(N−1)
2 lim
y→y∗
n
(
IUV(q;y)
∏
1≤i≤j≤N−1
(
1−
j∏
k=i
(qnkyαk)
))
, (34)
23To be precise, this is written as P.E.
[
q−qM+N
(1−q)(1−qM+N )χ
SU(N)
adj (y)
]
in [55]. This rewriting can be achieved by using
the identity
∑
R χ
SU(N)
R (z)χ
SU(N)
R (y) = ∆(z)
−1δ(z− y).
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where y∗n is the simultaneous solution to the equations (17). Recall that the simple roots are related
to the fundamental weights by αi =
∑N−1
j=1 cijωj , where (cij) is the Cartan matrix. Therefore, the
equations (17) are equivalent to
yαℓ = q−nℓ for ℓ = 1, · · · , N − 1 . (35)
We see that the factor
∏
1≤i≤j≤N−1(qy
αi+···+αj ; q) in the denominator of (33) contains a divergent
factor canceled by
∏
1≤i≤j≤N−1(1−
∏j
k=1(qy
αk)) in (34). In particular,
lim
y→y∗
n
∏
1≤i≤j≤N−1(1−
∏j
k=1(qy
αk))∏
1≤i≤j≤N−1(qy
(αi+···+αj); q)
=
∏
1≤i≤j≤N−1
(−1)ni+···+nj−1q (ni+···+nj )(ni+···+nj−1)2
(q; q)ni+···+nj−1(q; q)
, (36)
where (x; q)k ≡
∏k
i=1(1− qi−1x). Therefore, the IR index is evaluated as
ISn(AN−1,AM−1)(q) = (Ivec(q))
N(N−1)
2
(qM+N ; qM+N)N−1
(q; q)N−1
∏
1≤i≤j≤N−1
{
(−1)ni+···+nj−1q
(ni+···+nj)(ni+···+nj−1)
2
× (q
M+N+(ni+···+nj); qM+N)(qM+N−(ni+···+nj); qM+N)
(q; q)ni+···+nj−1(q1+ni+ni+1+···+nj ; q)(q; q)
}
. (37)
Using Ivec(q) = (q; q)2 and the identities
(q; q)n−1(qn+1; q) =
(q; q)
(1− qn) , (1− q
n)(qM+N+n; qM+N) = (qn; qM+N) , (38)
we can rewrite this as
ISn(AN−1,AM−1)(q) =
(qM+N ; qM+N)N−1
(q; q)N−1
∏
1≤i≤j≤N−1
(qni+···+nj ; qM+N)(qM+N−(ni+···+nj); qM+N)
×Nn(q)
∏
1≤i≤j≤N−1
(−1)ni+···+nj−1q
(ni+···+nj)(ni+···+nj−1)
2 . (39)
Recall that Nn(q) is a factor which makes the q-expansion of the IR index start with 1. In our case,
it is fixed as
Nn(q) ≡
∏
1≤i≤j≤N−1
(−1)ni+···+nj−1q−
(ni+···+nj )(ni+···+nj−1)
2 . (40)
Then we see that the IR index ISn(AN−1,AM−1)(q) is precisely equivalent to the character of the ir-
reducible WN module (22) for ~n ≡ (n, N +M −
∑N−1
i=1 ni). Note here that, up to the prefactor
absorbed in Nn(q), the character (22) is invariant under ni → ni+N+M for ∀i. Therefore, the two
surface operators, Sn and Sn+(N+M)1, are related to the same module of the WN minimal model.
For N = 2 this degeneracy was already noted in [18], and we here naturally generalize it to theWN
minimal model.
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4 (AN−1, AN(k−1)−1) theories
In this section, we study the Schur indices of the (AN−1, AN(k−1)−1) theories in the presence of
surface operators. The chiral algebras associated with these theories were conjectured to be the
logarithmic B(k)AN−1 algebras [31]. The Schur indices with surface operator insertions for N = 2
and k = 2, 3 and 4 were already computed and shown to be identical to the characters of modules
of the associated chiral algebra in [18]. We here generalize it to the whole (AN , AN(k−1)−1) theories,
and particularly show for the (A1, A2k−3) theories that the indices are identical to the characters of
modules of the B(k)A1 algebra.
4.1 Logarithmic B(k)AN−1 algebra
The chiral algebra associated with the (AN−1, AN(k−1)−1) theory was conjectured in [31] to be the
logarithmic B(k)AN−1 algebra constructed in the paper. The B(k)AN−1 is a nice generalization of
the Bk algebra constructed in [39], the latter of which is conjectured to be isomorphic to the W (2)k−1
algebra [56].24 In this sub-section we briefly review the structure of the B(k)AN−1 algebra, following
[31].
The B(k)AN−1 is a vertex operator algebra defined as the kernel of screening operators in a
lattice vertex operator algebra.25 Let Fλ be the weight-λ Fock module of the Heisenberg vertex
operator algebra of rank (N −1), and P be the weight lattice of SU(N). We then defineM(k, µ) ≡⋂N−1
j=1 kerF√kµe
−αj/
√
k
0 for k ∈ N and µ ∈ P , where e−αj/
√
k
0 is the screening operator associated with
the j-th simple root of SU(N). The B(k)AN−1 algebra is decomposed as
B(k)AN−1 ≃
⊕
µ∈P
M(k, µ)⊗ F√−kµ . (41)
The character of M(k, µ) is evaluated as
χ (M(k, µ)) = q
ρ2
2k
η(q)N−1
∑
λ∈P+∩(Q+µ)
(
q
k
2
(λ+ρ)2mλ(µ)
∑
w∈W
ǫ(w)q−〈ρ,w(λ+ρ)〉
)
, (42)
where η(q) ≡ q 124 ∏∞i=1(1 − qi), P+ denotes the set of dominant weights, Q is the root lattice, and
mλ(µ) counts the multiplicity of weight µ in the highest weight representation of SU(N) associated
with λ. On the other hand, the character of the Fock module is given by
χ(F√−kµ) =
q−
kµ2
2 xµ
η(q)N−1
. (43)
24The author of [31] indeed constructed the B(k)Q algebra for a general simply-laced Lie algebra Q. We focus on
the case Q = AN−1 in this paper.
25The author of [31] also provided a construction of B(k)Q in terms of the “corner VOA” studied in [57, 58].
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The tensor product decomposition (41) then implies that the vacuum character of the B(k)AN−1 is
given by
χ(B(k)AN−1) =
∑
µ∈P
χ(M(k, µ))χ(F√−kµ) , (44)
which was proven in [31] to coincide with the Schur index of the (AN−1, AN(k−1)−1) theory, up to
the normalization. In the case of N = 2, a series of B(k)A1 modules, Ws, is constructed in [39, 29].
These modules are of the form
Ws =
⊕
r∈Z
Mr+1,s ⊗F√−kr , (45)
in terms of Mr,s ≡
⊕∞
ℓ=0 L(hr+2ℓ,s, ck) for r ≥ 1 and Mr,s ≡
⊕∞
ℓ=0 L(hr−1−2ℓ,k−s, ck) for r ≤ 0,
where L(hr,s, ck) is the simple highest weight module of Virasoro algebra at the highest weight
hr,s ≡ ((kr−s)2− (k−1)2)/4k and the Virasoro central charge ck ≡ 1−6(k−1)2/k. The character
of Mr+1,s is evaluated in the reference as
χ(Mr+1,s) =

1
η(q)
∑
ℓ≥0
(
qk(
r+1
2
+ℓ− s
2k )
2
− qk( r+12 +ℓ+ s2k)
2)
for r ≥ 0
1
η(q)
∑
ℓ≤0
(
qk(
r−1
2
+ℓ+ s
2k)
2
− qk( r+12 +ℓ− s2k)
2)
for r ≤ −1
. (46)
4.2 Schur indices with surface operator insertions
We now study the Schur indices of the (AN−1, AN(k−1)−1) theory with surface operator insertions.
To that end, we first consider the UV SCFT associated to a sphere CUV with one irregular puncture
and a full regular puncture. We then Higgs the SU(N) flavor symmetry associated with the full
puncture to recover the (AN−1, AN(k−1)−1) theory as the IR SCFT. The Schur index of the UV
SCFT is evaluated via the TQFT description as
IUV(q;x;y) =
∑
R
f˜
(AN−1,AN(k−1)−1)
R (q;x)f
full
R (q;y) , (47)
where R runs over the irreducible representations of su(N), and y = (y1, · · · , yN−1) is the fugacity
for the flavor SU(N) symmetry arising from the full puncture.
According to the Higgsing prescription, the IR index in the presence of a surface operator Sn is
evaluated as (18), where y = y∗n is again the solution to (17). To evaluate this limit, we first note
that (
Ivec(q)
)N(N−1)
2
lim
y→y∗
n
(
f fullR (q;y)
∏
1≤i≤j≤N−1
(
1−
j∏
k=i
(qnkyαk)
))
=
( ∏
1≤i≤j≤N−1
(−1)ni+···+nj−1q
(ni+···+nj )(ni+···+nj−1)
2
)
q(νn,ρ)
(q; q)N−1
δ(q−νn)χSU(N)R (q
−νn) , (48)
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where we use the short-hand notations
νn ≡
N−1∑
i=1
niωi , δ(x) ≡ xρ
∏
β∈∆+
(1− x−β) , (49)
and recall that in our notation (qν)β = q(ν,β) and therefore χ
SU(N)
R (q
ν) =
∑
µ∈λmλ(µ)q
(ν, µ) with λ
being the highest weight of R. The identity (48) directly follows from the expression (5) for the
wave function associated with the full puncture. Substituting it and (47) into the equation (18),
we find that the IR index in the presence of the surface operator Sn is given by
ISn(AN−1,AN(k−1)−1)(q;x) =
1
(q; q)N−1
∑
R
f˜
(AN−1,AN(k−1)−1)
R (q;x)q
(νn,ρ)δ(q−νn)χSU(N)R (q
−νn) , (50)
where we used the fact that Nn(q) in (18) is again fixed as in (40). To relate this to the character
of a module of the associated chiral algebra B(k)AN−1 , we use the formulae
f˜
(AN−1,AN(k−1)−1)
R (q;x) =
1
(q; q)N−1
q
k
2
(λ,λ+2ρ)
∑
µ∈Q+λ
mλ(µ)q
− k
2
µ2xµ , (51)
δ(q−νn)χSU(N)R (q
−νn) =
∑
w∈W
ǫ(w)q−(νn,w(λ+ρ)) , (52)
where λ is the highest weight of R, W is the Weyl group of su(N), and ǫ(w) is the sign of the Weyl
reflection. The first rewriting (51) was obtained in [31] while the second one (52) follows from the
Weyl’s character formula. Substituting these two into (50) and performing a small computation as
in Sec. 3 of [31], we obtain
ISn(AN−1,AN(k−1)−1)(q;x) =
q−
k
2
ρ2−(νn,ρ)
(q; q)2(N−1)
∑
µ∈P
 ∑
λ∈P+∩(Q+µ)
q
k
2
(λ+ρ)2mλ(µ)q
− k
2
µ2xµ
∑
w∈W
ǫ(w)q−(νn,w(λ+ρ))
 .
(53)
In terms of (43) and
χ(k, µ, ν) ≡ q
ν2
2k
η(q)N−1
∑
λ∈P+∩(Q+µ)
q
k
2
(λ+ρ)2mλ(µ)
∑
w∈W
ǫ(w)q−(ν,w(λ+ρ)) , (54)
we finally have
ISn(AN−1,AN(k−1)−1)(q;x) = q−
ρ2+ν2
n
+2k(νn,ρ)
2k
−N−1
12
∑
µ∈P
χ(k, µ, νn)χ(F√−kµ) . (55)
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4.3 Comparison to the characters of B(k)AN−1 modules
Let us now compare the above result with the character of modules of the associated chiral algebra
B(k)AN−1 . We start with the case of N = 2, and write µ = rω1 and ν = sω1 in terms of the
fundamental weight ω1 of SU(2). In this case, the expression for χ(k, µ, ν) reduces to
χ(k, µ, ν) =
q
s2
4k
η(q)
∞∑
ℓ=0
q
k
4
(2ℓ+|r|+1)2
(
q−
s(2ℓ+|r|+1)
2 − q s(2ℓ+|r|+1)2
)
. (56)
After a small computation, we see that this is precisely equivalent to the character of the Virasoro
module Mr+1,s shown in (46), i.e.,
26
χ(k, µ, ν) = χ(Mr+1,s) . (57)
This and (55) imply that
IS(n)(A1,A2k−3)(q; x) = q−
1+ν2+2kν
4k
− 1
12
∞∑
r=−∞
χ(Mr+1,n)χ(F√−kr) = q−
1+ν2+2kν
4k
− 1
12χ(Wn) , (58)
where Wn is the B(k)A1-module Ws for s = n reviewed in (45). Hence, up to the prefactor
q−
1+ν2+2kν
4k
− 1
12 , the IR index IS(n)(A1,A2k−3)(q;x) in the presence of the surface operator S(n) is iden-
tical to the character of the B(k)A1 module Wn. In particular, the label n of the surface operator
is now interpreted as the label of the B(k)A1-module. The different prefactor arises here since we
normalize our IR index so that its q-expansion starts with 1. This correspondence between the sur-
face operators S(n) and the B(k)A1-modules Wn can be regarded as a generalization of the detailed
discussions on k = 2, 3 and 4 in [18].
For general N > 2, modules of the B(k)AN−1 are not well-studied. However, after the above
success in the N = 2 case, it is natural to expect that there exists a higher-rank generalization,
M(k, µ, ν), of the module Mr,s so that its character χ(M(k, µ, ν)) coincides with (54). Note that
Mr,s can be realized as the kernel of a screening charge Q[s]− [38], where Q[s]− is the zero mode of
the product of s screening currents acting on the Fock module Fαr,s with αr,s ≡ 1−r2
√
2k − 1−s
2
√
2
k
.
Therefore we expect that M(k, µ, ν) is also realized in the same way as the kernel of a screening
charge. We then conjecture that there exists a module Wν of B(k)AN−1 which is decomposed as
Wν =
⊕
µ∈P
M(k, µ, ν)⊗ F√−kµ . (59)
This means that ISn(AN−1,AN(k−1)−1)(q;x) coincides with the character of Wνn up to the prefactor
q−
ρ2+ν2
n
+2k(νn,ρ)
2k
−N−1
12 . We will leave a careful study of this conjecture for future work.
26Note here that, since it is a module of the Virasoro algebra at c = 1−6(k−1)2/k, the Mµ+1,ν implicitly depends
on k.
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5 Conclusion and Discussion
In this article, we have studied the Schur indices of two series of (AN−1, AM−1) Argyres-Douglas
theories in the presence of surface operators; one for N and M satisfying gcd(N,M) = 1 and the
other for M = N(k − 1). We have used the Higgsing prescription proposed in [42] and shown, for
all theories in the first series and theories with N = 2 in the second series, that the Schur indices
in the presence of the surface operators Sn are identical to the characters of non-vacuum modules
of the associated chiral algebras in the sense of [15], which explicitly confirms the recent proposal
on the general correspondence between surface operators and modules of chiral algebras [18]. We
have also given a conjecture on modules of the B(k)AN−1 algebra based on our results on the second
series of the Argyres-Douglas theories for N > 2.
As mentioned in Sec. 4.3, non-degenerate modules Mr,s in Virasoro minimal models can be
expressed in terms of the kernel and image of screening charges Q[s]− (see [38]). We expect a more
general corresponding principle exists between poles and screening charges in the VOA approach.
We leave it as a future work together with the extension to other theories such as the Argyres-
Douglas theories of type (Ak−1, Dn−1).
The Macdonald limit of the superconformal index [4] with surface operator inserted is also an
interesting object to study, as it gives a refined character of the space of the same set of local
operators. As discussed in [15, 59, 30, 60], the refinement is realized by a new grading for the
number of “basic” operators used to produce a descendant state, which in Virasoro minimal models
counts the number of L−∀n’s in each state. At least for the vacuum module, a clear way to add this
new grading in the computation of the character can be found in the POSET approach to minimal
models [61, 62], whose generalization to higer-rank cases and non-vacuum modules is worth studying.
Last but not least, a similar Higgsing procedure also exists in the computation of the instanton
partition function (or the S4 partition function) [63], as it can be uplift to the superconformal index
of 5d N = 1 theories. In terms of the topological string, this Higgsing procedure corresponds to the
geometric transition and surface operators obtained this way are the so-called monodromy defects
studied in [64, 65] (see also [66] for an approach from 6d N = (2, 0) theories) labeled by a nilpotent
elements in g. When g = su(n), nilpotent elements are classified by the partition of n, {ni} with∑
i ni = n. On the other hand, modules in minimal models with level-rank duality are also labeled
by such a partition. The relation between them, together with its generalization to the other chiral
algebras, is an interesting problem to work on.
18
Acknowledgement
We would like to thank Tomoyuki Arakawa, Matthew Buican, Thomas Creutzig, Yutaka Matsuo,
Jaewon Song and Akihiro Tsuchiya for helpful discussion. T. N. particularly thanks Matthew
Buican for various illuminating discussions in many collaborations on the superconformal indices
and chiral algebras of Argyres-Douglas theories. The work of T. N. is partially supported by JSPS
KAKENHI Grant Number 18K13547. R. Z. is supported by JSPS fellowship for young students.
Appendix
A Explicit q-series for lower-rank examples
We here give the explicit q-series expression for the Schur indices with surface operator insertions
for lower-rank (AN−1, AM−1) theories with gcd(M,N) = 1. In this appendix, we use the fact that
the Higgsing prescription gives rise to the following replacement of the wave function for the full
regular puncture:
(q; q)|∆|f fullR (q, yi)→ f~t(q)
χR(q
ti)
χR(qρ)
C−1R , yi → qti , (60)
where |∆| = N(N−1)
2
is the number of roots of SU(N), and ti are determined by n so that
ni =
∑
j
cijtj , (61)
where (cij) is the Cartan matrix of SU(N). This replacement allows us to interpret the factor
f~t(q)
χR(q
ti )
χR(qρ)
as the contribution from the surface defect Sn to the Schur index. Especially f~t(q) does
not depend on the representation of SU(N), and when we take {qti} = qρ, Sn becomes a trivial
defect with f~t(q) = 1.
We need the explicit expression of f˜
(AN−1,AM−1)
R (q) given in 8 to perform the q-series computation.
The wavefunction series f˜
(AN−1,AM−1)
R (q) can be generated from a formal wavefunction ψ
IN,−N+1
R (q)
by
f˜
(AN−1,AM−1)
R (q) = ψ
IN,−N+1
R (q
N+M) , (62)
and as shown in [43], ψ
IN,−N+1
R (q) can be evaluated to
ψ
IN,−N+1
R (q) =
∑
nα∈Z
(−1)∑α nαq∑α 12nα(nα+1)
|W|(q; q) 12 (N−1)(N−2)
∑
w∈W
ǫ(w)δw·λ(R)=∑
α∈∆+ nαα, (63)
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where w ·λ = w(λ+ρ)−ρ is a shifted Weyl reflection, and λ(R) stands for the highest weight of the
representation R of SU(N). With the help of the (generalized) Euler identities given in Appendix
B, one can explicitly calculate ψ
IN,−N+1
R (q) for low-dimensional representations R
27. In particular,
for N = 3, the closed form of ψ
I3,−2
R (q) is conjectured in [43] to be
ψ
I3,−2
(λ1,λ2)
(q) =

qk(k+1)+l(l+1)+kl λ1 = 3k, λ2 = 3l,
−qk2+l2−1+(k−1)(l−1) λ1 = 3k − 2, λ2 = 3l − 2,
0 otherwise,
(64)
where (λ1, λ2) stands for the highest weight of an irreducible representation of SU(3). Similarly, one
can see that in the case of N = 4, the first several non-trivial contributions, ψ
I4,−3
R (q), come from
the trivial representation 1, the 15-dim representation (1, 0, 1), two 45-dim representations (2, 1, 0)
and (0, 1, 2), two 35-dim representations (4, 0, 0) and (0, 0, 4) given by28
ψ
I4,−3
(0,0,0) = 1, ψ
I4,−3
(1,0,1) = −q, ψI4,−3(2,1,0) = ψI4,−3(0,1,2) = q2, ψI4,−3(4,0,0) = ψI4,−3(0,0,4) = −q3, . . . (65)
We note that the contribution from the 20-dim representation (0, 2, 0) also vanishes.
Based on the conjectured Euler identity for N = 5 given in Appendix B, we also list the first
several non-trivial wavefunctions for ψ
I5,−4
R (q):
ψ
I5,−4
(0,0,0,0) = 1, ψ
I5,−4
(1,0,0,1) = −q, ψI5,−4(2,0,1,0) = ψI5,−4(0,1,0,2) = q2, . . . (66)
A.1 (A2, An−1) series with gcd(3, n) = 1
Let us first examine (A2, An−1) theories with gcd(3, n) = 1. We start with (A2, A3) theory, whose
Schur index is given by
I(A2,A3) =
1
(q2; q)(q3; q)
∑
(λ1,λ2)
χ(λ1,λ2)(q
ρ)ψ
I3,−2
(λ1,λ2)
(q7)
=
1
(q2; q)(q3; q)
1− q7 ∑
(w1,w2)∈R(1,1)
qw1+w2 +O(q11)

=
1
(q2; q)(q3; q)
(
1− q5 − 2q6 − 2q7 − 2q8 +O(q9))
= 1 + q2 + 2q3 + 3q4 + 3q5 + 6q6 + 7q7 + 11q8 +O(q9). (67)
It agrees with the vacuum character of the (P = 3, Q = 7) minimal model.
27Note that the fundamental weights are expressed in terms of simple roots as µ1 =
2
3α1 +
1
3α2, µ2 =
1
3α1 +
2
3α2.
28In SU(4), the fundamental weights are given by µ1 =
3
4α1+
1
2α2+
1
4α3, µ2 =
1
2α1+α2+
1
2α3, µ3 =
1
4α1+
1
2α2+
3
4α3.
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Recall that the wave function of the regular puncture for G =SU(3) is given by
f fullR (q, y1, y2) =
χR(y1, y2)
(q; q)2(qy21y
−1
2 ; q)(qy
−1
1 y
2
2; q)(qy1y2; q)(qy
−2
1 y
1
2; q)(qy
1
1y
−2
2 ; q)(qy
−1
1 y
−1
2 ; q)
. (68)
The insertion of a trivial surface operator corresponds to the reduction29
(q; q)6f fullR (q, y1, y2)→ C−1R , y1, y2 → q, (69)
and thus the Schur index with a trivial surface operator Sn=(1,1) inserted reproduces the vacuum
character.
The first non-trivial pole, that gives rise to a non-vacuum character, appears at y1 = q
4
3 and
y2 = q
5
3 . Sitting on this pole, the regular puncture reduces to the factor,
(q; q)6f fullR (q, y1, y2)→
1 + q + q2
(q2; q)(q3; q)
χR(q
4
3 , q
5
3 ), (70)
and the corresponding Schur index of (A2, A3) with this insertion can be computed as
IS(1,2)(A2,A3)(q) =
1 + q + q2
(q2; q)(q3; q)
1− q7 ∑
(w1,w2)∈R(1,1)
q
4
3
w1+
5
3
w2 + q14
∑
(w1,w2)∈R(3,0)
(w1,w2)∈R(0,3)
q
4
3
w1+
5
3
w2 +O(q20)

=
1 + q + q2
(q2; q)(q3; q)
(
1− q4 − q5 − q6 − 2q7 − q8 +O(q10))
= 1 + q + 2q2 + 3q3 + 5q4 + 7q5 + 11q6 + 14q7 + 21q8 + 28q9 +O(q10). (71)
It agrees with the character of the (1, 2, 4) module in the (P = 3, Q = 7) minimal model. Similarly,
the pole at y1 = q
5
3 and y2 = q
7
3 leads to
(q; q)6f fullR (q, y1, y2)→
(1 + q2)(1 + q + q2)
(q2; q)(q3; q)
χR(q
5
3 , q
7
3 ), y1 → q 53 , y2 → q 73 , (72)
and
IS(1,3)(A2,A3)(q) =
(1 + q2)(1 + q + q2)
(q2; q)(q3; q)
1− q7 ∑
(w1,w2)∈R(1,1)
q
5
3
w1+
7
3
w2 + q14
∑
(w1,w2)∈R(3,0)
(w1,w2)∈R(0,3)
q
5
3
w1+
7
3
w2 +O(q17)

=
(1 + q2)(1 + q + q2)
(q2; q)(q3; q)
(
1− q3 − q4 − q6 − q7 − q8 + q9 +O(q10))
= 1 + q + 3q2 + 3q3 + 6q4 + 8q5 + 13q6 + 17q7 + 25q8 + 33q9 +O(q10). (73)
29As explained in section 3.3, we need to compensate a factor Nn(q) in this calculation so that the IR index starts
from 1. For our convenience, we include this factor implicitly in this kind of reduction denoted by →.
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It reproduces the character of the (1, 3, 3) module in the (P = 3, Q = 7) minimal model. The pole
at x1 = q
7
3 and x2 = q
8
3 leads to the factor
f( 7
3
, 8
3
)(q) = (1 + q + q
2)(1 + q + q2 + q3 + q4), (74)
and the index
IS(2,3)(A2,A3)(q) =
(1 + q + q2)(1 + q + q2 + q3 + q4)
(q2; q)(q3; q)
1− q7 ∑
(w1,w2)∈R(1,1)
q
7
3
w1+
8
3
w2
+q14
∑
(w1,w2)∈R(3,0)
(w1,w2)∈R(0,3)
q
7
3
w1+
8
3
w2 +O(q15)

=
(1 + q + q2)(1 + q + q2 + q3 + q4)
(q2; q)(q3; q)
(
1− q2 − q4 − q5 + q6 − q7 + q9 +O(q10))
= 1 + 2q + 3q2 + 5q3 + 8q4 + 11q5 + 17q6 + 24q7 + 34q8 + 47q9 +O(q10), (75)
which agrees with the character of the (2, 2, 3) module in the (P = 3, Q = 7) minimal model. In
summary, we obtain the following correspondence between poles and modules,
y1 = q, y2 = q ↔ (1, 1, 5) vacuum module, (76)
y1 = q
4
3 , y2 = q
5
3 ↔ (1, 2, 4) module, (77)
y1 = q
5
3 , y2 = q
7
3 ↔ (1, 3, 3) module, (78)
y1 = q
7
3 , y2 = q
8
3 ↔ (2, 2, 3) module, (79)
which exactly reproduces the correspondence rule (17) obtained from the general discussion.
One can confirm that other poles do not give rise to any new characters, for example we have
IS(2,4)(A2,A3)(q) = IS
(1,2)
(A2,A3)
(q), IS(2,2)(A2,A3)(q) = IS
(2,3)
(A2,A3)
(q), IS(1,4)(A2,A3)(q) = IS
(1,2)
(A2,A3)
(q), . . . (80)
The above fact reflects the permutation symmetry among n1 ↔ n2 ↔ n3 in W3 minimal models.
In the same way, we can check that the correspondence between poles and modules in (P =
3, Q = 8) minimal model (the dual of (A2, A4) theory) is given by
30
y1 = q, y2 = q ↔ (1, 1, 6) vacuum module, (81)
y1 = q
5
3 , y2 = q
7
3 ↔ (1, 3, 4) module, (82)
y1 = q
7
3 , y2 = q
8
3 ↔ (2, 3, 3) module, (83)
y1 = q
8
3 , y2 = q
10
3 ↔ (2, 2, 4) module. (84)
30We checked this correspondence up to O(q11) order. We will always check this kind of correspondence up to this
order throughout the paper, unless claimed otherwise.
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In the (P = 3, Q = 10) minimal model, the correspondence is given by
y1 = q, y2 = q ↔ (1, 1, 8) vacuum module, (85)
y1 = q
4
3 , y2 = q
5
3 ↔ (1, 2, 7) module, (86)
y1 = q
5
3 , y2 = q
7
3 ↔ (1, 3, 6) module, (87)
y1 = q
7
3 , y2 = q
8
3 ↔ (2, 3, 5) module, (88)
y1 = q
8
3 , y2 = q
10
3 ↔ (2, 4, 4) module, (89)
y1 = q
10
3 , y2 = q
11
3 ↔ (3, 3, 4) module, (90)
y1 = q
10
3 , y2 = q
14
3 ↔ (2, 2, 6) module, (91)
y1 = q
13
3 , y2 = q
14
3 ↔ (1, 4, 5) module. (92)
The remaining poles such as y1 = q
11
3 , y2 = q
13
3 give rise to the character, for example, of (2, 3, 5)
module again.
It is clear from the above explicit computations that the pole position y1 = q
t1 and y2 = q
t2 in
the (A2, An−1) series indeed corresponds to the (n1, n2, n3) module in the dual W3 minimal model
following the rule (17), i.e.
n1 = logq(y
2
1y
−1
2 ) = 2t1 − t2, n2 = logq(y22y−11 ) = 2t2 − t1, (93)
and n3 is determined from n1 + n2 + n3 = Q, together with a permutation symmetry among
(n1, n2, n3).
We can also check the level-rank duality between (A1, A2) theory and (A2, A1) theory for surface
operators. The Schur index of (A2, A1) computed in the TQFT way,
I(A2,A1) =
1
(q2; q)(q3; q)
∑
(λ1,λ2)
χ(λ1,λ2)(q
ρ)f
I3,−2
(λ1,λ2)
(q5)
=
1
(q2; q)(q3; q)
1− q5 ∑
(w1,w2)∈R(1,1)
qw1+w2 + q10
∑
(w1,w2)∈R(3,0) , R(0,3)
qw1+w2 +O(q15)

=
1
(q2; q)(q3; q)
(
1− q3 − 2q4 − 2q5 − 2q6 − q7 + 2q7 + 2q8 +O(q9))
= 1 + q2 + q3 + q4 + 2q5 + 2q6 + 2q7 + 3q8 +O(q9), (94)
matches with the (A1, A2) index. The pole at y1 = q
4
3 , y2 = q
5
3 reproduces the character of the
(2, 3) module of the (P = 2, Q = 5) Lee-Yang model, or equivalently the (1, 2, 2) module of the
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level-rank dual model (P = 3, Q = 5).
IS(1,2)(A2,A1)(q) =
1 + q + q2
(q2; q)(q3; q)
(
1− q2 − q3 − q4 − q5 + q7 + q8 + 3q9 +O(q10))
= 1 + q + q2 + q3 + 2q4 + 2q5 + 3q6 + 3q7 + 4q8 + 5q9 +O(q10)
= IS(2)(A1,A2)(q) : (95)
Similarly, the index at the pole y1 = q
5
3 , y2 = q
7
3 ,
IS(1,3)(A2,A1)(q) =
(1 + q2)(1 + q + q2)
(q2; q)(q3; q)
(
1− q − q2 + q3 − q4 − q5 + q6 + 2q7 + q10 +O(q11))
= 1 + q2 + q3 + q4 + q5 + 2q6 + 2q7 + 3q8 + 3q9 + 4q10 +O(q11)
= I(A1,A2)(q), (96)
corresponds to the character of the (1, 3, 1) module, i.e. the vacuum (1, 1, 3) module of the (P =
3, Q = 5) minimal model.
A.2 (A3, A4) theory and (A4, A5) theory
We now consider a rank-three example, the (A3, A4) theory, and a rank-four example, the (A4, A5)
theory.
First the Schur index of the (A3, A4) theory matches with the character of the (1, 1, 1, 6) vacuum
module of (P = 4, Q = 9) minimal model:
I(A3,A4)(q) =
1
(q2; q)(q3; q)(q4; q)
∑
(λ1,λ2,λ3)
χ(λ1,λ2,λ3)(q
ρ)f
I4,−3
(λ1,λ2,λ3)
(q9)
=
1
(q2; q)(q3; q)(q4; q)
(
1− q6 − 2q7 − 3q8 − 3q9 − 3q10 +O(q11))
= 1 + q2 + 2q3 + 4q4 + 5q5 + 9q6 + 12q7 + 21q8 + 29q9 + 44q10 +O(q11). (97)
It also corresponds to the Higgsed Schur index with an additional regular puncture with respect
to the pole y1 = q
3
2 , y2 = q
2 and y3 = q
3
2 , i.e. y = qρ. This pole is translated according to the
dictionary (17) to the trivial surface operator S(1,1,1).
The pole at (y1, y2, y3) = (q
7
4 , q
5
2 , q
9
4 ) gives rise to the character of the (1, 1, 2, 5) module of
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(P = 4, Q = 9) W4 minimal model,
IS(1,1,2)(A3,A4)(q) =
1 + q + q2 + q3
(q2; q)(q3; q)(q4; q)
∑
(λ1,λ2,λ3)
χ(λ1,λ2,λ3)(q
7
4 , q
5
2 , q
9
4 )f
I4,−3
(λ1,λ2,λ3)
(q9)
=
1 + q + q2 + q3
(q2; q)(q3; q)(q4; q)
(
1− q5 − q6 − 2q7 − 2q8 − 3q9 − 2q10 +O(q11))
= 1 + q + 2q2 + 4q3 + 7q4 + 11q5 + 19q6 + 28q7 + 44q8 + 65q9 + 97q10 +O(q11), (98)
as
f( 7
4
, 5
2
, 9
4
)(q) = 1 + q + q
2 + q3. (99)
We also checked the following correspondence in the (A3, A4) theory,
(y1, y2, y3) = (q
2, q3, q3) ↔ (1, 1, 3, 4) module, (100)
(y1, y2, y3) = (q
9
4 , q
7
2 , q
15
4 ) ↔ (1, 1, 4, 3) module, (101)
(y1, y2, y3) = (q
9
4 , q
7
2 , q
11
4 ) ↔ (1, 2, 2, 4) module, (102)
(y1, y2, y3) = (q
5
2 , q4, q
7
2 ) ↔ (1, 2, 3, 3) module, (103)
(y1, y2, y3) = (q
3, q4, q3) ↔ (2, 2, 2, 3) module. (104)
It exactly matches with the translation rule (17) and that modules in the minimal model share the
same label n = (n1, n2, n3) with the surface operator S
n.
In the (A4, A5) theory, by using the expressions of the factor f~t(q), e.g.
f( 11
5
, 17
5
, 18
5
, 14
5
)(q) = 1 + q + q
2 + q3 + q4, (105)
f( 12
5
, 19
5
, 21
5
, 18
5
)(q) = (1 + q + q
2 + q3 + q4)
1− q6
1− q2 , (106)
we checked the correspondence
(y1, y2, y3, y4) = (q
2, q3, q3, q2) ↔ (1, 1, 1, 1, 7) vacuum module, (107)
(y1, y2, y3, y4) = (q
11
5 , q
17
5 , q
18
5 , q
14
5 ) ↔ (1, 1, 1, 2, 6) module, (108)
(y1, y2, y3, y4) = (q
12
5 , q
19
5 , q
21
5 , q
18
5 ) ↔ (1, 1, 1, 3, 5) module. (109)
B Generalized Euler identities
In fact the Euler identity, ∑
n∈Z
(−1)nq 32n2± 12n = (q; q), (110)
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is a special case of the Jacobi triple identity,∑
n∈Z
pn
2
zn =
∏
n>0
(1− p2n)(1 + p2n−1z)(1 + p2n−1z−1), (111)
with p = q
3
2 and z = −q± 12 .
For the Generalized Euler identity used in G =SU(4), we can rewrite it as∑
n1,n2,n3
(−1)n1+n2q 32n21+ 32n22+2n23+2n1n3+2n2n3+n1n2− 12n1− 12n2−n3
=
∑
n1,n2,n3
(−1)n1+n2q(n1+n3)2+(n2+n3)2+ 12 (n1+n2)2− 12 (n1+n2+2n3)
=
∑
k1,k2,k3∈Z
k1+k2+k3∈2Z
(−1)k3qk21+k22+ 12k23− 12 (k1+k2)
=
∑
k1,k2,k3∈Z
k1+k2+k3∈2Z
(−1)k1+k2qk21+k22+ 12k23− 12 (k1+k2), (112)
where we set k1 = n1 + n3, k2 = n2 + n3 and k3 = n1 + n2. Using the equality in the last line, we
further have∑
k1,k2,k3∈Z
k1+k2+k3∈2Z
(−1)k3qk21+k22+ 12k23− 12 (k1+k2) =
∑
k1,k2,k3∈Z
1 + (−1)k1+k2+k3
2
(−1)k3qk21+k22+ 12k23− 12 (k1+k2). (113)
Substituting (p, z) = (q,±q− 12 ), (q 12 ,∓1) into the Jacobi triple identity, we obtain∑
k∈Z
qk
2− 1
2
k =
∏
n>0
(1− q2n)(1 + qn− 12 ), (114)∑
k∈Z
(−1)kq 12k2 =
∏
n>0
(1− qn)(1− qn− 12 )2, (115)∑
k∈Z
(−1)kqk2− 12k =
∏
n>0
(1− q2n)(1− qn− 12 ), (116)∑
k∈Z
q
1
2
k2 =
∏
n>0
(1− qn)(1 + qn− 12 )2, (117)
and therefore ∑
n1,n2,n3
(−1)n1+n2q 32n21+ 32n22+2n23+2n1n3+2n2n3−n1n2− 12n1− 12n2−n3
=
∑
n1,n2,n3
(−1)n3q 32n21+ 32n22+2n23+2n1n3+2n2n3−n1n2− 12n1− 12n2−n3
=
∏
n>0
(1− qn)(1− q2n)2(1− q2n−1)2 = (q; q)3. (118)
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For G =SU(5), we conjecture that the following generalized Euler identity holds,
(q; q)6 =
∑
n1,2,3,4,5,6∈Z
(−1)n1+n2+n3+n6q 32n21+ 32n22+ 32n23+2n24+2n25+ 52n26
× qn1n2+2n1n4+n1n5+2n1n6+n2n3+2n2n4+2n2n5+2n2n6
× qn3n4+2n3n5+2n3n6+2n4n5+3n4n6+3n5n6
× q− 12n1− 12n2− 12n3−n4−n5− 32n6. (119)
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